Creep of cyclically loaded thin shells of revolution and their fracture due to creep and fatigue mechanisms are studied. Creep-damage equations for steels and nickel-based alloys are built by the use of scalar damage parameter. Constitutive equations were derived using the method of asymptotic expansions and averaging over a period of cyclic loading. The cases of fast and slow varying of temperature and loading are regarded. General problem statement and method for solution of creep problems at cyclic loading are presented. Strain-stress state in shell structures is determined by the use of homemade FEM creep-damage code, where the finite element of conical shell is used. Results of creep-damage problem for conical panel are discussed.
Introduction
Cyclic loading and heating are often met in industrial applications. As a rule, at elevated temperatures they essentially aggravate the working conditions of structural elements because of increasing of creep strain rate as well as decreasing of time to fracture values. Because of the long duration and high costs of experimental investigations of structural elements; their numerical simulations are necessary. Despite the fact that solutions of linear problems can be obtained numerically by the use of FEM software, modeling of non-linear problems meet considerable difficulties. One of them is adequate formulation of constitutive equations, especially for complex cases of deformation processes like cyclic loading. The case of joint action of static and cyclically varying loading have long attracted the attention of scientists and engineers. The more general case of stresses which exceed the yield limit has been studied in detail [1] [2] [3] [4] [5] [6] . The interest to such phenomenon continues unabated and interaction between low-cycle fatigue and creep effects for the cases of cyclic varying of loads and temperatures attracts the attention of researchers over the last decade [7] [8] [9] [10] .
However, operational conditions of many structural elements which work in aviation, power and chemical industry are designed so that arising stresses do not exceed yield limit. This fact allows the use of simplified approaches, one of the most effective is averaging of resulting curves of strain growth and damage accumulation. If the number of cycles is high, the changes of these parameters through a cycle can be regarded as negligible, but the cyclic varying of stresses and temperatures influences on the rates of strain and damage parameter. For the case of cyclic variation of temperatures or stresses the approach connected with averaging of resulting creep strain curves has been shown to be effective [11] [12] [13] [14] [15] . Such clear physical procedure got its mathematical justification by the way of using the methods of asymptotical expansions and averaging over a period of stress or temperature variation [15] [16] [17] .
Present investigations which have been done in this direction were focused on particular cases of cyclic creep-damage problems. The phenomenon of so-called dynamic creep [12] , when cyclic variation of stresses due to forced vibrations is imposed on the static stress component has been investigated for plane creep problems [16] . Further interaction between damage accumulation from dynamic creep process and high cycle high temperature fatigue has been analyzed for thin shells of revolution in [17] . The situations of slow variation of stresses and temperatures were studied in [18, 19] .
However, a certain number of structural elements is loaded and heated by complex programs. In addition their forced vibrations cannot be completely suppressed. That is why the formulation of the generalized approach to description of creep-damage processes allowing consideration of complex programs of loading and heating can be regarded as useful for engineering applications.
The main goal of this paper is to discuss the derivation method for creep problems with complex cyclic loading or heating programs. The examined problem can be considered as an example of the application of this technique. With this example in mind the other practical problems with different types of cyclic programs can be solved. However, the most common cases are considered.
The paper contains the generalized constitutive model in which the list of possible effects related to cyclic character of loading and heating is considered. The method of solution is presented first for general 3D case and further for thin shells of revolution. FEM approach with time numerical integration was used.
Constitutive model for different cases of cyclic loading
The mostly common case which includes the cycles of loading/ unloading and heating/cooling is regarded. Let us first regard at the behavior of the material at uniaxial stress state. Results will be further generalized to the complex stress state.
It is well known that mechanical behavior of the specimen subjected by cyclic loading significantly depends upon its frequency. The cyclic creep-damage processes in a solid which are originated by the action of temperature field can be divided into the action of low or high cycle loading or heating.
Equations for rates of creep strain c and damage parameter ω for the uniaxial loading that are used in the Bailey-Norton and Rabotnov-Kachanov [20] forms:
where B, n, k, D, r, and l are the material constants. Let us limit by this constitutive model. For all cases of cyclic loading total stress in the specimen is presented as a sum of constant part s and varying part s 1 : s ¼ sþs 1 . Just the same the temperature has constant part T and varying part
Firstly let us regard the quasi static creep processes with long periods more than 1 s. Generally they can be presented as polyharmonic with the global period T s :
At first we consider that temperature has the constant value T. We expand creep strain and the damage parameter into asymptotic series of the small parameter μ ¼ T s =t n ⪡1 [21] and keep two terms of series:
where c 0 (t), ω 0 (t), c 1 (ξ), ω 1 (ξ) are the functions which coincide with basic creep-damage process in slow (0) and fast (1) time scales. Used truncated asymptotic series have direct physical meaning: the first term corresponds to slow motion whereas the second describes the motion through a cycle.
Two times are considered: slow time t which varies from 0 to the time to rupture moment t n ; fast time τ ¼ t=μ or ξ ¼ τ=T s ð0 r ξ r 1Þ [18] . After the substitution of Eq. (3) into Eq. (1) and further averaging [21, 22] over the period of stress variation we obtain the expressions of creep strain and the damage parameter on the time interval ð0 r ξ r 1Þ:
Substituting Eqs. (4) and (5) into Eq.
(1) we obtain [18] :
The main result here is following: we escaped from the necessity of the integration over the cycle and obtained averaged cyclic creep-damage laws. Here the functions g n (M k ) and g r (M k ) reflect the influence of cyclic character of loading.
If we consider more general low cycle process when not only stress varies due to law (2) but the temperature also:
the creep-damage laws can be written in the following forms [20] :
Here U c and U d are the constants which are equal to the values of activation energy in creep and creep damage processes, R is the universal gas constant. In the remainder we use the notations Q¼U c /R and Q ¼U d /R. Using the described asymptotic expansions method and the procedure of averaging over a periods of loading and heating for Eqs. (8) and (9), considering the results of similar procedures which led to Eq. (6), the low cycle creep-damage equations can be written in the following form:
where
Now let us consider the case of mono-harmonic sine loading, with frequencies more than 1 Hz
where s a and s are the amplitude and the mean stress, respectively. In this case when the frequencies of oscillations correspond to phenomenon of forced vibrations the processes of dynamic creep as well as the creep-high cycle fatigue interaction can occur [12] . The character of a running processes is different depending of the value of stress cycle asymmetry coefficient A ¼ s a =s. The processes of dynamic creep and creep-fatigue interaction are divided by the value of so-called critical stress cycle asymmetry coefficient A cr . It is known from experiments [12] that the dynamic creep occurs at low values of A, which causes the substantial acceleration of creep strain and damage rates. By the use of the procedures of asymptotic expansions and averaging over a period of forced vibrations like (3) and (4), we obtain dynamic creep averaged equations as follows:
If the levels of mean stress are low, the value of stress cycle asymmetry coefficient A can be high and exceed the value of A cr , which is the known constant for each material. Often A cr % 1.
In this case of loading the essential high cycle fatigue damage appears, but dynamic creep acceleration become marginal and disappears for high values of A [12, 16] .
For the description of those phenomena we will use the Yokobori assumption [23] that the total damage increment contains from creep ω c and high cycle fatigue ω f parts
The creep-damage law (1) and auto-model fatigue-damage law
can be used, where b is a constant, determined for the material under consideration. Often it is taken by assumption that b¼ s y /s u , where s y and s u are respectively the yield stress and tensile strength of a material. Here F, p, q are material constants, and T f is a time to rupture due to high temperature fatigue.
To construct the damage law reproducing the assumption (14) we use the influence functions which reflect the acceleration or retardation of appropriate damage processes. These functions have to be formulated in terms of stress asymmetry coefficient A and its critical value A cr and can be selected in the following form [24] :
The damage law for cyclic loading with frequencies inherent to forced vibrations takes the following form:
Now it is necessary to combine the laws derived for slow (10) and (11) and fast variation of loads due to forced vibrations (13) and (16) . Schematically the process of complex loading is illustrated in Fig. 1 .
The main assumption here is the possibility of coherent application of the averaging procedures. For example, at first we average the creep and damage curves which coincide with slow varying of loading or temperature, e.g., engine's start, work and shutdown. After obtaining these curves in forms (10) and (11) mindful of the fact that forced vibrations do not vanish and we must include them in our equations. This leads to simplificationnow we have to consider the stress law due to results of averaging procedures. Any variation of mean stress changes the values of stress cycle asymmetry coefficient, which leads to possible change of damage law: from dynamic creep to creep-fatigue interaction and vice versa.
So sequential regarding the asymptotical expansions and averaging over the periods of stresses and temperature allow us to construct the universal laws for creep strain and damage parameter rates
Here in order to keep the logic of presentation some notations of influence functions and coefficients are saved, but for this generalized form of creep-damage equations they differ by a constant from above presented.
If we have the material with significant hardening effects in the primary creep stage, all above made considerations can be made for it by similar procedures.
As an example we present the curves describing the creep and long term behavior of specimens made of high temperature nickelbased alloy EI867 (Ni 56-70%, Fe 4%, C 0.1%, Mn 0.3%, Cr 8.5-10,5%, Mo 9-11.5%, W 4.3-6%, Co 4-6%, Al 4.2-4.9%) at T¼ 1173 K. The physical and mechanical properties of the alloy are determined by the use of diagrams of deformation, creep curves and long term data: E¼1.67 Â 10 5 MPa, ρ¼7. /h, p¼q¼3.5. Golub's experimental data [25] are used, the frequency of cyclic loading is equal to 35 Hz.
The data which are calculated by the use of Eqs. (17) and (18) are compared with the experimental results. Fig. 2 shows the creep curves. The so-called limit curve, reflecting the correlation between static stress s and amplitude stress s a which lead to fracture at similar time 600 h, is presented in Fig. 3 The data calculated by Eqs. (17) and (18) are given by solid lines. Experimental data obtained by Golub [25] are shown by dots. essentially decreases the time to rupture (it is approximately 5 times less in comparison with static loading, curve 2). The rupture strain values are decreased, too.
Comparison of calculated and experimental data for limit curve (Fig. 3 ) allows us to conclude that damage Eq. (18) correctly reflects the basic fracture laws in wide range of stress cycle asymmetry coefficient: from static loading (A ¼0) to cyclic creep conditions and pure high cycle fatigue (A ffi1).
The distinctions between calculated and experimental data does not exceed 10-28%. The biggest difference of 28% takes place in more complex case of interaction between creep and high cycle fatigue damage.
The analysis of these results shows that presented state equations describe correctly the influence of additional cyclic loading on the creep strain rate and the time to fracture.
Over the past 25 years the constitutive equations for cyclic loading and heating at creep conditions had been verified on more than 20 materials, including steels, high temperature nickel-based and aluminum alloys at different stresses and temperatures. Three materials were tested at the laboratory of NTU 'KhPI', as well as large amount of published data, like [12, [24] [25] [26] [27] [28] [29] , were analyzed.
Certainly, considered above co-relations can be generalized for the case of complex stress state. It can be done in traditional way by the use of equivalent stresses: von Mises for equation for creep strain rate, for damage equation it has to be taken from fracture criterion [3] . Stress cycle asymmetry coefficients are calculated using the equivalent stresses.
By the use of classical approach for constitutive model formulated for strain rates [22] , the final form of constitutive equations for cyclic variation of temperatures and stresses has been obtained as follows: 
; bs e Þ is the expression for equivalent stress for fatigue failure at complex stress state, for example, due to criterion of Sines [30] . 
Second group includes two constants Q and Q for state equations of type (8) and (9) and reflects the difference between the temperatures T 1 and T 2 in creep and damage rates. For this step we need the experimental results and constants from the first group (obtained at the temperature T 1 ) and at least two creep curves at temperature T 2 .
For the case of forced vibrations imposed on the static loading, the constants of the third group have to be determined. They include three constants F, p, and q, which are obtained from the high cycle fatigue long term strength diagram; one constant b, reflects the influence of static loading on fatigue damage accumulation, and A cr -the so-called critical value of stress cycle asymmetry parameter, which divides the processes of dynamic creep acceleration and pure high cycle fatigue imposed on the static stress. A cr is usually within the range 0.8 oA cr o1.1, so, if it is impossible to carry out the dynamic creep experiment, its value can be accepted as A cr ¼1.
Frequently the material behavior can be characterized by smaller number of constants at creep or fatigue conditions: (n ¼k, r ¼l) or (k ¼l) for creep-damage processes and (p ¼q) at high cycle fatigue damage. In such a case the third stress level in experiments is used for validation of obtained state equations.
The last constant λ is used in the long-term criterion and varies within the following ranges: 0oλ o1 [3] .
So the total number of constants is 14. This number is ultimate and is required for the hypothetic case of temperature variation, slow and fast variation of stresses in a wide range, which causes both creep damage and high cycle fatigue damage. It is very important to stress here that research engineers do not have to conduct any additional experiments on cyclic loading of material specimens. All the tests are standard, except the test for determination of A cr , but the constitutive Eqs. (19)-(21) can be used assuming that A cr ¼ 1 as mentioned above.
Validation of the particular parts of Eqs. (19)- (21) for complex stress state had been done [16, 18, 19, 24, [26] [27] [28] 31] . In addition, the thermodynamic justification of those equations was performed.
Satisfactory agreement allows us to propose the generalized form of the creep-damage state equations at cyclic loading and heating.
We have obtained quasi-static equations reflecting basic phenomena connected with influence of cyclic loading with different frequencies on the creep-damage process. Certainly, the proposed form of constitutive equations needs to be further verified for different materials and combinations of cyclic loading's programs, but presented result allows us to simplify their use in particular cases.
General problem statement for cyclic creep-damage problems for shells of revolution
Let us present general mathematical problem statement for boundary-initial value creep problem. We regard the solid isotropic body with volume V which is fixed in a surface part S 1 . The body is loaded by volume forces f i , the traction р i acts on the surface part S 2 . The case of constant in time volume forces is regarded: f ¼f(x i ), x i A V, i¼ 1,2,3. Traction has constant value p 
where р i max , р i a are the amplitudes of appropriate components of
Considering the above made assumptions, we present mathematical problem statement for creep problem by set of equations as follows:
where n j are the components of the unit vector which is normal to body's surface, j¼1,2,3; {D} is a tensor of elastic properties of the material; u i are known values of the displacements on the surface S 1 , which are constant in a time; and ρ is the material density. Total strain consists of elastic e ij , temperature ε T ij and creep c ij components.
Cyclic variation of temperatures is determined from the nonstationary heat conduction problem:
where Δ is Laplace's operator; c t , k t , are respectively the coefficients of specific heat and heat conduction; and F is the density of thermal sources. To solve system (22) we use the asymptotic expansions method with subsequent averaging over a period of cyclic loading, similar to the approach used for constitutive equations. The use of these methods allows us to divide the system of Eq. (22) into two. First system arises from expressions which result from averaging and describes the processes which are run in slow basic motion [16] ; the second is obtained by subtraction from (22) the first system. These systems are not independent, they are connected by Eqs. (19) - (21) .
So in order to determine the stress-strain state of creeping body subjected to cyclic traction, we have to solve the following first system of equations, where all unknowns vary in slow time scale:
Constitutive Eqs. (19)- (21) have to be added. Components of amplitude stress tensors which are included in this constitutive model are determined from another systems, formulated for fast varying time scale (k ¼1,2,…..) [18] : 
By solving systems (25) and (26) for each harmonic components k the values of amplitude stress tensors are determined. They are used in constitutive model (19)-(21).
Thereby the solution of creep-damage problem in the case of cyclic loading is divided into to two systems. Basic system (24) has to be solved jointly with Eqs. (19)- (21) where amplitude stress components are determined from auxiliary systems (25) and (26).
Obtained results are now applied for modeling of cyclic behavior of thin shells in creep conditions. Shells of revolution are considered. We limit ourselves by the case of homogeneous temperature field at each time moment, e.g., the effects of heating and cooling are neglected. Owing to subsequent using of Finite Element Method (FEM) let us pass to variation formulation of the problem. Instead of equilibrium equations in (24) the Lagrange functional is used Z
where δε m ij are the variations of total strains in the middle surface of shell; δχ ij are the variations of changes in curvature; δu q are the variations of displacements vector, q¼1,2,3; and δ ij is Kronecker delta.
Shell forces and moments are as follows:
The finite element of conical shell with four nodes was used for calculations. Each node has seven degrees of freedom: three displacements and four angles of rotation. Using the standard FEM procedures [32] allows us to reduce the variational equality (27) to the system of linear algebraic equations We use the solutions as follows:
which are FEM formulations of systems (25) and (26) (29) is used for the analysis of creep-damage processes in shell structures. At arbitrary time step the vector of nodal displacements is determined as a solution of this system. This vector is used for determination of stresses, strains, damage parameter in each finite element.
After achieving by the damage parameter its critical value ω n r1 the process of hidden damage accumulation is regarded as completed. This time value determines the long term strength of the structure or its certain part. The place of the initiation of first macro-crack is determined by the place of the finite element with maximal value of damage parameter ω n .
The described method has been implemented in computer code with pre-and post-processing programs [18] in the National Technical University "KhPI" (Ukraine). As an example the results of the investigations of different cyclic creep-damage behaviors of the conical panel are presented.
Cyclic creep and damage in conical shell
In order to analyze the laws of deformation and failure due to cyclic loading at creep conditions let us regard the open conical shell made of high temperature nickel-based alloy EI867 at T¼ 1173 (Fig. 4) .
The shell's length is L¼ 8 m, smaller radius is R¼1.5 m, bigger radius is R¼2 m, thickness is h ¼0.01 m. Shell edges are clamped.
The shell is subjected to internal pressure which has slow and fast varying parts
Pressure static component is р 0 ¼ 1.2 MPa, amplitude value is р max ¼0.6 MPa. Amplitude of fast varying pressure is р a ¼0.25р 0 . The rectangular cycle of stress slow varying is studied, the value of period is equal to 1h, wherein p max ¼0 each 50 min. Frequency of oscillations is f 2 ¼0.1f. Here f is the first eigenfrequency of the shell. Its value which was found by solving the eigenvalue problem by Jacoby method, is f¼342 Hz. The values of time to fracture for these problems substantially differ: 1-16,000 h, 2-13,340 h, 3-10,840 h, and 4-5020 h. Fig. 5 shows the graphical representation of stress relaxation in a point of outer surface in the central cross-section, where the fracture occurs further (ω¼ ω n ¼0.72). Fig. 6 illustrates the growth of the damage parameter's values in this point. The curve number coincides with the number of the problem. The final deformed state of the shell in the 4th problem is characterized by maximum deflection equal to 0.439 mm. Other problems have similar displacements distribution and differ insignificantly: for example, creep at static loading (problem 1) runs slower, but needs more time for fracture start, wherein the maximum final deflection is practically the same and is equal to 0.438 mm. Fig. 6 shows the difference in damage growth for different cyclic programs. We can see that supposition of any cyclic loading accelerates damage accumulation. The time to fracture at dynamic creep (2) is smaller than in the case of pure static loading. Consideration of rectangular slow cycles of loading/unloading (3) and especially creep-fatigue interaction accelerates the damage accumulation process so that fracture time decreases significantly (more than three times for problem 4).
Comparing the results of problems 2 and 3 we can observe essential role of fatigue damage component in area, where fracture occurs even for problems, where at the starting moment of cyclic loading stress cycle asymmetry coefficient is less than A cr . Equivalent stress significantly relaxes here from the beginning of creep process until fracture moment: it decreases approximately five times (Fig. 5) . In this connection stress cycle asymmetry coefficient increases to be more than A cr and influence of fatigue damage contribution becomes prevailing.
Conclusions
The method of solution for creep-damage problems of structural elements subjected to cyclic loading at high temperatures is presented in this paper. Proposed method of solution and constitutive equations allow us to consider different types of cyclic behavior in one and the same manner. Analysis of the results for conical shell shows that cyclic loading can essentially accelerate the growth processes of strains and damage parameters as well as stress relaxation. Due to stress relaxation the role of high temperature fatigue damage in the global process of damage accumulation at creep conditions is important and may become principal.
One of the simplest and time-tested the Rabotnov-Kachanov phenomenological model [3] with one scalar damage parameter is suggested in the paper in order to demonstrate the possibilities of the asymptotic and averaging methods for deriving the cyclic creep-damage constitutive equations. This simple but very useful model is not based on the Physics of Metals data, which establishes the mechanisms of creep running accompanied by hidden damage accumulation due to voids growth [33] [34] [35] , for example. Mostly it was made intentionally, to demonstrate the approaches for constructing the creep-damage constitutive equations for the case of cyclic loading or heating.
The main goal of this paper is to discuss the derivation method and hence the cyclic loading problem is given only as an illustrative example. The authors do not expect that suggested theory will be frequently used for the most common case of cyclic loading, presented in the paper, but the presented derivation method can be used in more sophisticated problems. It is very difficult to predict all possible variations of loading, heating, cyclic changing of different parameters etc., so it is important to have the general procedure. Nevertheless, presented particular cases, for example for combinations of static and cyclic loading or cyclic heating will be useful for engineers. Just because of this, the discussion of the problem is built by inductive way, from the case of one assumption to several.
In addition, let us note that the proposed approach with a scalar damage parameter is applicable for the tensor damage models of cyclic loading/heating. For example, for the description of dynamic creep processes in duralumin plates it was implemented with the tensor damage model [36] .
In the same way the proposed approach can be applied for widely used creep-damage mechanism-based equations for steels and alloys [33] [34] [35] because of the fact that basic qualitative laws for creep-damage processes are well-known. Generally these laws describe the increase of creep strain and damage accumulation rates at cyclic loading or heating under fixed value of static loading as well as appropriate decreasing of time to fracture. The asymptotic methods and the methods of averaging over a cycle period can be used for any constitutive equations for creep strain, hardening as well as for one or several different damage parameters (like proposed in [33] ) regardless of the method of their derivation.
As for the question of the generality of the proposed procedures and their comparison with the others, we can stress, that the advantages of the asymptotic approaches will be mostly exhibited in processes with large numbers of cycles such as in the problem of superposition of forced oscillations on the constant static loading, which occurs, for example, under operating conditions of turbine casing, rotors and blades. To our knowledge, the analysis of the complex stress state is possible only by using the discussed procedures, because direct integration from one cycle to another is practically impossible due to very large numbers of cycles (10 5 -10 7 ). The accumulating computational errors in direct approach, as well as the physical effects of dynamic creep-damage acceleration, which have to be reflected in constitutive equations, give rise to the application of our procedure.
Regarding the low-cycle processes, one can argue that advantages of the proposed procedures can be whittled away by the use of direct integration method or limit analysis. However, this opinion, which bases on the experience with widespread cyclic plasticity problems, is wrong: even 100 cycles of slow varying of loading or heating in creep conditions leads to subsequent acceleration of creep strain rate and damage accumulation (see [29] , e.g., Fig. 6 ). That is why it is necessary to derive the appropriate constitutive equations as well as to use the solution of boundaryinitial value problem, obtained by asymptotic procedures and averaging over a period. The number of hundreds of cycles with the value of small parameter of 0.01 can be regarded as a lowerbound estimate here.
For small number of cycles (from one-two up to several tens) the method is inapplicable. From the mathematical point of view, we do not have a small parameter in this case. Mechanical analysis of this case shows that fracture is possible here only due to action of large stresses, which overcome the yield limit. In this case the classical well tested methods [1] [2] [3] have to be used. The proposed procedures currently cannot be used for limit analysis, shakedown and in presence of the plastic strains in general. These problems will be studied in future.
In conclusion the last potential application of proposed generalized equations and the method of their solving have to be highlighted. Creep-damage processes are essentially non-linear, so simple consequent analysis of different influences of cyclic loading and heating will be incorrect (for instance, even in modern studies the influence of the creep acceleration due to forced vibrations of the structure is neglected). Research engineers require an instrument for global cyclic creep-damage process estimation, even though this instrument has certain limitations. It is important to be able to compare different design solutions at the stage of numerical simulation. The present paper is an attempt to propose such instrument.
